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Abstract

We propose a general regularized empirical risk minimization framework for
sparse learning which accommodates popular regularizers such as lasso, group
lasso, and the trace norm. Within this framework, we develop two optimization
algorithms. The first method is based on squared penalties added to the empirical
risk and is solved using a subgradient-based L-BFGS quasi-Newton method. The
second method is based on constraints imposed on sparsity-inducing norms and is
solved using a gradient projection method. A notable advantage of our approaches
is that a simple way to access the dual objective value is available, which is use-
ful in tracking the progress of optimization and deciding when to terminate the
optimization procedure.

1 Introduction

Convex regularizers that induce sparsity (e.g., lagdgogroup lasso?], and trace normg, 4, 5])

are useful tools in many applications especially when the interpretability of the learned model is
important. They can be used in combination with various convex loss functions. Optimization is
convex, which contrasts strikingly to the non-convexity of feature selection in general.

In this paper we focus on the combination of general differentiable convex loss functions and the
trace norm regularization. The trace ndris used to reduce the rank of a coefficient matrix in
collaborative filtering, multi-input multi-output prediction, and classification over matrices. So far
there is no optimization method other than the interior-point metBpd [which often scales badly

for dense input data, that solves this problem rigorously. Our goal is to generalize recently pro-
posed algorithms for lasso and group lasso to trace norm regularization. In fact considerable effort
has been recently made for lasso and group lasso problems. Main difficulty arises from the non-
differentiability of these regularizers. Orthant-wise limited-memory quasi-Newton method (OWL-
QN) [8] solves the lasso regularization; it uses the steepest descent subgradient (s&p altbe
L-BFGS quasi-Newton method (] with a specialized line search that takes the discontinuity of the
curvature into account. Roth&Fisher1] proposed an active set method for group lasso regulariza-
tion; it uses a gradient projection method suggested 2hdnd efficiently identifies a small set of
active components and avoids solving a larger problem than actually needed.

Our contributions in this paper are the following three: (i) we propose a general framework that
enables us to unify these three sparsity inducing regularizers as special cdsabkrairm regular-
izatiory (ii) we propose two formulations that enable us to accessitiadity gap which is useful

in tracking the progress of the algorithm and deciding when to terminate the algorithm; (iii) we
provide practical implementations of the two formulations. The first formulation, which we call the

*Part of this work was done while RT was with Fraunhofer FIRST.
YItis also known as the dual spectral norgh, jhuclear norm§], and Ky Fanr-norm [7].



squared penalty formulatiois solved with a generalized version of OWL-Q8] for the trace norm
that uses steepest descent subgradients in the L-BFGS quasi Newton meth@dljSeéne second
formulation, which we call th@orm constraint formulatiornis solved with the gradient projection
method [L3], which is suggested for group lasso k2] (Sec.2.2).

A motivating example. In many previous studies (e.gl,[2, 5]), linear norm penaltiesre used

in empirical risk minimization framework in order to enforce different types of sparsity. In order to
show that there is no straightforward way of assessing the duality gap in this conventional formula-
tion, we present the primal and dual problems of lags¢ fegularization as follows:

(Plasso) wrélﬁgi{m;zni Zé )+ Ao|jw|:, subjectto z =x;'w (i=1,...,n).
(Do) maxmuze ZE* a;), subjectto [|>07 il < Ao.
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Here we consider a Imear modeI: x " w, which is parameterized with the weight vectorc R?;

the empirical risk is measured by smooth convex loss functipris.g., logistic regression) at
input pointsz; € R? (i = 1,...,n). Note that the labels in a standard supervised learning problem
is absorbed into the definition df. || - ||; and|| - ||« aref;- and{,,-norms, respectively.c;

(i = 1,...,n) are Lagrangian multipliers associated with the equality constraintBlji°). ¢;

is the Legendre transformation 6f, i.e., ¢ («;) := max,, ({ay, 2';) — ¢;(';)) . Thus due to the
differentiability of the loss functiod;, there is a natural mapping betwegrandc; as follows:

«; o>, and z; Doy N}

This mapping suggests that the quantity in the constraint in the dual pr@blgf#r) is the gradient

of the primal loss term. However we cannot use this mapping to obtain the dual objective value in
the linear penalty formulatiofP#**°). In fact, «; obtained using the mapping (Ed.)) does not
satisfy the dual constraint in general.

There are two formulations with unconstrained dual problems in which we can use the mapping
(Eq. (V) in order to access the dual objective value. The first isstheared penalty formulatioas
follows:

L A . ,
(Pss©) wrerl]égl&}zzl Z&(zz) + §||UJ||%> subjectto z; = x; ' w (i=1,...,n),
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The other is theorm constraint formulatioms follows:
(Plassoy wrenﬂégn{rinz’e 1 Zfi(zi), subjectto |w|, <C, zi=z;'w (i=1,...,n),

Dlasso maximize (o) = CI>00 g
(DE) maximis Z DyEEEA N
In the next section, we generallze these formulations for general sparsity-inducing norms and solve
them using the subgradient L-BFGS method (2et).and the gradient projection method (S2Q),
respectively.

2 General sparse learning framework

In this section, we consider the above mentioned two formulations for general sparsity-inducing
norms that include lasso, group lasso, and trace norm regularization as special cases. In the squared
penalty formulation, the key idea is to define these norntiiabnormsof other norms; this enables

us to compute the subdifferential of the norms in a systematic manner. The dua||ndfnof a

norm|| - || is defined aglw||. = maxgecpa |q/<1 (g, w). In the norm constraint formulation, there

is an efficient algorithm that computes the projection with the trace norm constraint as well as lasso
and group lasso constraints (see SBc.



2.1 Squared penalty formulation

We consider the following regularized empirical risk minimization problem:

n

. . . A
(Psq) minimize Zéi(zi) + 5”"””27

weRd {z; 4 =1
subject to zi=z w  (i=1,...,n),

We can considetw to be a vector, a vectorized matrix, or a matrix, which correspond, e.g., to stan-
dard classification, classification over matrices, and multiclass classification, respectively. Similarly
the inputx; can be a vector, a vectorized matrix, or a matrix. Note that we dendte|hythe norm

that measures the complexit§; fnorm in lasso) as the dual norm pf || (¢-.-norm in lasso). The

dual problem of the above optimization probléRy,) can be written as follows:

n
E T
i=1

whereq; is the Lagrangian multiplier associated with the equality constraintB4f) and has the
same dimensionality as. Now using the mapping in EqL), the dual objective value can be readily
calculated. We define the primal objective functjfifi(w) by substituting the “subject to” line into
the objective functions ifiPs,) and the dual objective functiogff¢({a; }7;) as in(Dsq).

2
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In general, when a convex functighis non-differentiable at a poinb, the gradient atv, is not
uniquely defined. A subgradieptis the normal vector of a tangent planefoétw, as follows:

f(w) > f(wo) + (g, w — wo) Vw € R%

The subdifferentiald f (wy) is the set of all the subgradients aiy. The directional derivative
Vaf(wy) in the directiond can be computed as follows:

Vaf(wg) = max ,d) .
af(wo) geaf(w0)<g )

Thus the steepest descent direciitiris obtained as follows:

d’ = argmin max (g,d) = — argmin ||g|l2, (|| ||2 is the Euclidian norm)
ldllo<1 9€8f(wo) g€d f(wo)

becausenin g, <1 MaXgeof(w,) (9, @) = MaXgenf(w,) Min|q),<1 (9, d) = Maxgesf(w,) (—[9]1?)-
We callg® = argmingcy (w0, llgll2 the steepest descent subgradient.

We solve the primal probler(P,) using the steepest descent subgradient in L-BFGS quasi New-
ton method as ing] (see P] for the general case in which the steepest descent subgradient is not
necessarily available). The dual norm formulation is particularly useful in explicitly writing the
subdifferential off (w) and finding the steepest descent subgradient. In fact, the subdifferential of
a function defined as the point-wise maximum of linear functions is the set of maximizers at each
point [13]. The subdifferentiab f*1(w) of the primal objectivef*t(w) is an affine transformation

of 9||w||« as follows:

a4 (w) = g* + A|w|.0]wl]., )

with gt =37 | 0;(z; "w)/Ow. Note that even whenrg® is a descent directiom, = — Bg* may

not be a descent directiod(is an approximate inverse Hessian), because the directional derivative
Vaf(w)(> (g°, d)) can be positive in general; we may switch to gradient descent in this situation
because we have the steepest descent direction; the direction-finding algorithm prop8bedrnin [
also be used.

Remark The proposed formulation is equivalent to the conventional formulation that(ises] .

as the penalty term instead dfw||2. In fact the subdifferential of the primal objective function in
the conventional formulation can be written glfs+ X' 0w/ with g* = Y"1, 84;(z; Tw) /0w;
comparing this expression with ER)( we see that two regularization constants are mapped as
A = )\||lw||.. However our formulation enables us to quickly access the duality gap.



2.2 Norm constraint formulation

The norm constraint formulation for general sparsity-inducing nprrh. is written as follows:

n
P minimize li(z4),
( con) weRT {2 }7._| ; 1,( z)
subject to |lw|l. <C, zi=ax;"w (i=1,...,n),

and its dual problem can be written as follows:

{eu}iy

(Dcon) maximize — Z f;‘ (az) - C
=1

n
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We define the primal objective functigif°® (w) by substituting the “subject to” line into the objec-
tive functions in(P..,) and the dual objective functiggf®® ({e; }—;) as in(Deon)-

In this formulation, there is no need to consider the subgradient in order to solve the primal problem
(P.on) because the primal objective function is differentiable. However, we need to make sure that
the iterates stay feasible. To this end, we use the gradient projection méghadhjch is suggested

for group lasso12]. That is we first take a negative gradient step with a stepsgizé := w; —s4g

and projectw to the constraint set by solving the following minimization problem:

minimize |lw —w||o, subjectto |w]. <C. 3)
weR?

This minimization problem can be efficiently solved for the trace norm as well as lasso and group
lasso (see SeB).

3 Trace norm regularization

In this section, we specialize the above formulations to the trace norm regularization; the weight
vectorw is seen as a matrix of sizg x d. (d = d,d.). We define the trace norm as the dual norm
of the spectral normg] as follows:

fwl. == max, (qw) st q] = maxo,(q) <1,

whereg € R4 *4: ando;(q) is thej-th singular value of; thus||q|| is the spectral norm af. The
above dual norm view is particularly useful in computing the steepest descent subgradient as we see
below.

3.1 Subdifferential and the steepest descent subgradient

Subdifferential of the trace norm can now be computed as the set of maxinfigetbat achieve
(g, w) = ||w||.. Noting that the maximizer is not unique in the null spacewfwe can write the
subdifferential as follows:

O||lwl|« = {g = wuv1 | +ugevy! € R X s =ujovr |, uy L ug, vy L v,
c=diag(ci,...cry), ¢; €10,1] (j = 1,...,r0)},

wherew = u,ov, ' is the singular value decomposition@f € R4 *de with u; € R4 *" v, €
Re*" ande € R™ ", andr is the rank ofw (i.e.,diag(o") > 0); the singular vectorg, € R0
andvy € R%*"0 wherer, = min(d,, d.) —r, corresponding to the zero singular values can be any
orthonormal set of vectors that are orthogonaditcandwv,, respectivelyc € R™*™ is a diagonal
matrix with diagonal elements in the intervél 1]. The steepest descent subgradient6fw) can

be computed as follows. First lgt := >"""_, 9¢;(x; "w)/dw be the gradient of the loss term and
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N = A||w||.. In addition, we defing{ = (I4, — uiu; ")g*(L4, — viv1 ). Then,

. 2 . V. 112
min = min + A
o llgls = min [lg°+Xg|,

= min [lg‘+ N (u1111—r + UOC’UOT) I
up,vo,C

= min [|g§ + Nuocvo |3 + c(g", w1, v1)
up,vo,C

= min S0 (Ve —oy(95)” + elg un,vn)

Z (/\/ _O—j(gf)))2 +C(gé7u17vl)7
J:5(g6)>N
where the third equality follows from the orthogonality 1 ug andv; Lvy andc(g’, uy,v1) is a
constant with respect tag, ¢, andvg, which we cannot control. The fourth line follows from von
Neumann’s inequality, which states far, g € R * -

(w,q) < P 05(w)os(a),
whereo () is thej-th singular value of a matrix; the equality is obtained when the singular vectors
of w andgq coincide. In the above minimization, we choasgandwv, as the right and left singular
vectors of—g§. Finally the last line is obtained by choosingasc; = min(o;(g§)/\,1).

3.2 Computation of the projection
The projection (Eq. 3)) subject to the bound on the trace norm can be computed as follows. First,
similarly to above, using von Neumann'’s inequality, we obtain
~ N\ 2
minflw - dll; = min 37 (05(w) —o;(@))*,
{o j(w)}]:l
wherer = min(d,,d.). The equality is obtained when the singular vectoraw€oincide with
those ofw. Now all we need to solve is the following minimization problem over the singular
values{o;(w)}7_;:
1« 2 : -

minimize - oj(w) —o;(w subjectto o;(w) >0 oi(w) <C
pinimize 2;m )= 0j(w))*,  subj 1(w) > 0,3 0j(w) < C.

whose dual problem can be written as follows:

ma)y{izr(r)lize —= Z —-Cr+ Z 5 a5 ( 'ﬁJ
JG J4 j=1
whereJ, := {j : o;(w) — v > 0}. For solving the dual problem, we can use the algorithm
described in 12, 11] which is a Newton method on the dual variableThe algorithm updates the
. ngJ oj(w)-C
dual variable ag := #

aso(w) = (0,(t) — ).

until convergence. Finally the primal variable can be obtained

4 Experimental results

We apply the methods described above to the six class classification problem in the context of
brain-computer interfacing (se&4] for details). The loss functio#; is the negative logarithm of

multinomial likelihood, i.e..z; = {210, € RS andf;(z;) = —z.,, + log (zj;l exp(zi,l)),

wherey; € {1,...,6} is the correct class label. Moreovey, € R6*(37%64) andw € R37%64, The
number of samplea = 2550. Figurel shows the results of the two methods on a simulated data.
Figure2 shows the results of the two methods on a real data provided by J. R. Wolpaw, G. Schalk,
and D. Krusienski in the BCI competition IILp]. The L-BFGS method seems to have difficulty

in reducing the relative duality gap lower thad2; in fact, in both experiments the quasi-Newton
direction tends to give insufficient decrease after 500-1000 iterations. However at this point it is not
clear whether it is due to the optimization algorithm or the looseness in the evaluation of the lower
bound. The gradient projection method performs well for the simulated data but tends to require a
large number of iterations for the real data, probably because of the poor scaling of the real problem.
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Figure 1:Simulated data. The subgradient L-BFGS method (leffjigure 2: Real data. The subgradient L-BFGS method (left)
spent 11784 function evaluations and 2240 seconds to achi@@ent 14935 function evaluations and 2476 seconds to achieve

RDG=0.7 x 10~°. The gradient projection method (right) spent 78RDG=1.2 x 107*.  The gradient projection method (right)
function evaluations and 12 seconds to achieve RD@&x 10~7. spent 13650 function evaluations and 2619 seconds to achieve

RDG denotes the relative duality gap. RDG=2.4 x 10~°. RDG denotes the relative duality gap.

5 Discussion

We have proposed two formulations for sparsity-inducing regularization that includes lasso, group
lasso, and trace norm regularization with general convex differentiable loss functions; the proposed
formulations enable us to use recently developed techniques for lasso and group lasso, namely
subgradient-based L-BFGS meth&] 9] and the gradient projection methotiy 12, 11], also for

the trace norm regularization. The differentiability of the loss function provides a simple one-to-one
correspondence between primal variablend dual variablex. We have chosen two formulations
whose duals are unconstrained, which enables us to access the dual objective value at any primal
iterate. This technique may be used in any (including nonconvex) optimization problem that can be
separated into several terms, some of which are differentiable.
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