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Outline

Method

— Discriminative model that factorizes
using the spectral £1-regularization.

— Penalized empirical loss minimization (convex!).

Implementation

— Dual formulation.

— Linear Matrix Inequality.

— Interior point method.

Application

— Motor-imagery EEG classification.

Summary
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Examples of Matrix Inputs

 Multivariate Time Series

« Second order statistics
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The Input

X

R x (C

Problem Setting

Class Label

j> y € {+1,—1}

F(X:W,b) = Tr [WTX} + b

(W € REXC b e R)

Spectral £ 1-regularization (sum of singular-values):

I”I

QW) = > oc[W]

c=1
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Interpreting the Model

Using the singular-value decomposition:

o1 r
I,A/:U/ \VT:T‘(;_/“,MCT

Or
c=1

The classifier can be written as:
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Interpreting the Model

Using the singular-value decomposition:

01
w=uv("".
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The classifier can be written as:

f(X)

T
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Linear combination

Features

(projected inputs)
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Comments on Related Methods

LASSO:
Q2ra550(W) = 2.5 ‘Wz’j

Ridge penalty:

V) =Y W2 =3 02 (W]
2V}

c=1

Spectral £1 -regularization:
T

Q1 (W) = ) oc[W]

c=1
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The Problem

, 1 Z A
(P) min — > Lrr(z) + =W,
WERRXC, n i=1 n
beR, = Lagrange
zZcR? multipliers
s.t. (Tr (W X;| 4+b) = 2 -
Yi \ ] q ) 7 8 7
(:=1,...,n),

lrr(2) ;= log (1 + exp(—=z)),

fr)

W1 = Z oc[W]

c=1
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Implementation

- Dual Formulation
- Linear Matrix Inequality
- Interior Point Method
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The First Trick:
TherDual*Optimization Problem

R (o)

o
N\
Q
A
M3

(D) min

Residual | ST _El @iy = 0,
of the fit n

must be Z a;y; X
small 1=1 00

< A,
Coc

The fit must
be simple
(large
entropy)

-Nnorm

'r(a) i =aloga+ (1 —a)log (1l —a),

|1 X | o = maxoe [ X].
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The Second Trick:
Using:ktinear-Matrix‘Inequality

|A(@)]|o, = maxo [A(e)] < A

7
Ala) = ) oy X
i—1
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The Second Trick:
EisingslemmearMatrix-inequality

|A(@)]|.0 = maxo [A(a)] < A
Ala) = ) oy X;
i=1

Mp A(C\ﬁ)_

T AT(@) e | &
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The Third Trick:
Interior Point Method

, |
. 1 6| -
min 3} fr(a)+-o(a), — =4
QeERT =1 b i |
n
S.T. Z a;y; = 0. ol |
1=1

—

0 0.5 1

t — o0
Original problem!
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Good News for IP optimization

» Obtaining the Primal Variable:

Q¢ solution at barrier parameter t

W&t = U&tdiag

(U&t/\&t V&—I; :

()

(227,

 Quality guarantee:

Duality gap(Wg,,

o) <

T
Va,

n
= A(ay) = ) &t,iini)
i=1

R+ C+ 2n
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Application:
Motor-imagery EEG
Classification
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Single-trial EEG Classification

The Covariance EEG signal Class Label
X=85"1) ye{+L-1}
C xC

Fz
S oEE—— 7 :

C >< T Dz




Ryota Tomioka at ICML 2007 Corvallis, OR, USA

Single-trial EEG Classmcatlon

The Covariance EEG signal Class Label -
X =SS ) ye{+1, -1} ofummme
CxC Pg _
ERD/ERS

Lateralized modulation of rhythmic activity
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Conventional Methods

« Common Spatial Pattern (CSP) [Koles 1991;
Ramoser 2000] (State of the art)

— Two steps:
« Feature Extraction: Find a low-dimensional decomposition.
 Classify: linear classifier on the log-power feature.

+ LR (L2)
— ¥>(Frobenius norm)-regularized logistic regression.
* LR (rank=2)

— Rank=2 constrained logistic regression (nonconvex!)

W = % (—fwlwa + w2w5>
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Results: Classification Errors

0 20 40 0 20 40 0 20 40
(a) CSP (6 filters) (b) LR (L2) (c) LR (rank=2)

» Low-ranked (¢4 -regularized) solution performs better.
* Fixed rank performs suboptimal.
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Extracted Features (1/2)
Model=Selection"and"Eigenvalues

60— - 15 . .
(a) — Test (b) —— 0.01
50 —— Model Selection [ | 10H. h—— 0.48329
=»— 3.3598
40 — w5t —»— 8.8587 (selected) |
< )\ = 8.86 g < )
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S 30 qé)
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Extracted Features (2/2)
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Works on Spectral {1(Trace-norm)

Regularization

* Prior work by Fazel, Hindi, and Boyd (2001)
« Related work by Abernethy et al. (2006)

MMMF MTFL Uncovering Classifying
[Srebro et al. [Argyriou et al. Shared Matrices
05] 07] Structure [this talk]
[Amit et al. 07]
Application Matrix Multi-ouput Multi-class Matrix
Factorization Regression Classification | Classification
Loss Hinge-loss Quad-loss Hinge-loss Logit-loss
Function
Input Scalar Vector Vector Matrix
Output Matrix Vector Vector Scalar
Optimiza- SDP lterative Primal Dual Interior-
tion Gradient point




Ryota Tomioka at ICML 2007 Corvallis, OR, USA

Summary

* Proposed the Matrix Classifier that factorizes
using the Spectral {q-regularization.
— Single convex optimization problem.

— Dual formulation and Linear Matrix Inequality for
efficient optimization.

— Sparseness: interpretable solution.

« Applied to motor-imagery EEG classification

— No distinction between feature extraction step and
classification step.

— Found physiologically relevant features.
— Application to other problems are in progress.
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Thank you very much!



Ryota Tomioka at ICML 2007 Corvallis, OR, USA

Derivation of the Dual Problem

(P) Equivalent (p’)
mxin f(x) 4+ g(x) <:::> r;g)iyn f(x) + g(y)
S.t. =y
! | Dual | | Dual
(D) (D)

p (constant) min f (—a) + ¢g" (o)
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Derivation of the Dual

(P) min
WeREXC peR,
zeR"

S.T.

~ogistic loss /1-norm

A

) n

1 n
_ZZL
nzl

1

" (Tr@ ;| + bz :@

(Z: 7"'7n)7

Dual logistic loss

(D) min | » 4R (az’>|((l§oz7;
i=1

L cR?

<1 ¢ o-norm

n
d oy =0 || Y oy Xl <A,
i=1

1n
1=1 00
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Interpreting the dual variable

1 —o; (y;=+1)
Pi — . (Z — 17 . 7n>
Q; (y; = —1)
n
(D) max Y H>(p;)
0<p<1i ‘=
n
s.t. (y; — Ely;p;i]) = 0O,
i=1
n
v (’Il,: — Erfll,:l’)’),:.l\ 4X,~' < 2A‘
/. \J1 LI Il ) <> -~ )
i=1 ~
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Experimental setup

 Offline analysis of 162 datasets from 29
healthy subjects recorded in the Berlin Brain
Computer Interface (BBCI) project
([Blankertz et al., 2006], www.bbci.de).

 Binary classification of all the combinations
of left hand (L), right hand (R), and foot (F)
Imaginary movement.

* Multi-channel EEG (32, 64, or 128ch)
recordings (70-600 trials in a dataset).

« Band-pass filter 7-30Hz.
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Conventional Methods

« CSP (Koles, 1991; Ramoser, 2000)
Dimensionality reduction/ demixing
technique using label information:

s(Pawe = A5 (O, =1,.00,0)
=) = (Xx)4
O*
f(X) =Y Belog |w! Xwe| + Bo
c=1
(C* < C)
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Conventional Methods

* LR (L2) — Logistic regression with L2-
regularization (Frobenius norm)

QW) = 5Tr (WTW|

* LR (rank=2) — Rank=2 approximated
logistic regression

W = % (—wlwlT + ’wzwg)

(Tomioka et al., NIPS*2006)
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The Discriminative Model

F(S:W,b) =Tr|WSS'| 4+t
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Appendix: CSP (1/3)

« Common Spatial Pattern (CSP) [Koles, 1991]
— discriminative dimensionality reduction technique.
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Appendix: CSP (2/3)
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Appendix: CSP (3/3)
CSPHilteredtime-series
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