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Introduction Lasso, group lasso and MKL

Minimum norm reconstruction

@ w € R™: unknown.
@ yi,Yo,...,¥Ym: Observations,

where y; = (X;, W) +¢, e ~N(0,1).
@ Recover w from y.
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Introduction Lasso, group lasso and MKL

Minimum norm reconstruction

@ w < R": unknown.

@ Vi, ¥o,...,¥m: observations,
where y; = (Xx;, W) + ¢;, €j ~ N(O, 1).
@ Recover w from y.

Underdetermined (when n > m)
minimize [|wllo, s.t. L(w)<C,

where
1
L(w) =5 Xw — y|]?

and ||w/||o: the number of non-zero elements in w.
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Minimum norm reconstruction

@ w < R": unknown.

@ Vi, ¥o,...,¥m: observations,
where y; = (Xx;, W) + ¢;, €j ~ N(O, 1).
@ Recover w from y.

Underdetermined (when n > m)

minivf/nize lwl|lo, st L(w)<C,
where
L(w) =3 | Xw — y|1>
and ||w/||o: the number of non-zero elements in w.

Moreover, it is often good to know which features are useful.
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Introduction Lasso, group lasso and MKL

Minimum norm reconstruction

@ w < R": unknown.

@ Vi, ¥o,...,¥m: observations,
where y; = (Xx;, W) + ¢;, €j ~ N(O, 1).
@ Recover w from y.

Underdetermined (when n > m)

minivf/nize lwl|lo, st L(w)<C,
where
L(w) =3 | Xw — y|1>
and ||w/||o: the number of non-zero elements in w.

Moreover, it is often good to know which features are useful.
However, this is NP hard!
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Introduction Lasso, group lasso and MKL

Convex relaxation

@ p-norm like functions

If p > 1 convex

p_ n 1P .
wllh = 4 WP
Wlip =2 jmr Wil = 4 p < 1 non-convex
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Introduction Lasso, group lasso and MKL

Convex relaxation

@ p-norm like functions

If p > 1 convex

p_ n 1P .
wllh = 4 WP
Wlip =2 jmr Wil = 4 p < 1 non-convex

0.01

[x]
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— X"

[X]
%

% 2 1 o 1 2 3
| - ||l1-regularization is the closest to || - || within convex norm-like
functions
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Introduction Lasso, group lasso and MKL

Lasso regression

@ Problem 1: Lasso :
minimize ||w||y, s.t.L(w) < C. 81 %
@ Problem 2: . E?Eﬁ/ﬁ
minimize L(w), s.t.|w|i<C. s | 2
@ Problem 3: —

t= 15—
minimize  L(w) + A||w||4.
[From Efron et al. (2003)]
Note:
@ Above three problems are equivalent to each other.
@ Monotone operation preservs equivalence.

@ We focus on the third problem.

(UT / Tokyo Tech) 2009-09-15 7/42



Introduction Lasso, group lasso and MKL

Why ¢1-regularization?

@ The closest to || - ||o within convex
norm-like functions.

@ Non-differentiable at the origin
(truncation with finite \).

@ Non-convex regularizers (p < 1) )\'
— lteratively solve (weighted) )\
£4-regularization. /l

@ Bayesian sparse models (type-Il '

ML)

— lteratively solve (weighted)
¢1-regularization (in special
cases)O

(Wipf&Nagarajan, 08)

(UT / Tokyo Tech) 2009-09-15



Introduction Lasso, group lasso and MKL

Generalizations

@ Generalize the loss term- - - e.g.,¢1-logistic regression

minimize  >°7, —log P(yi|Xi; w) -+ \||w||4
weR"

whereP(y|x; w) = o (y (w, X)) 0°
(ye{-1.+1}) % 0 5
[oW) = =5

@ Generalize the reg. term- - - e.g., group lasso (Yuan&Lin,06)

e
minimize (W) + 2 [[wgll2

geSB
(wa,)
. . (way)
where, & is a partition of {1,...,n}, w = ) 0q=|&|0
(Waq)

(UT / Tokyo Tech) 2009-09-15 9/42



Introduction Lasso, group lasso and MKL

Introducing Kernels

Multiple Kernel Learning (MKL) (Lanckriet, Bach, et al., 04)
Let H1,Ho>,...,Hnbe RKHSs and Ky, K>, .. ., K, be the kernel

functions. Use functions f= 4 + fh +---+ 1,
~— =~ ~—~
€Hq EHo €Hn

n
minimize L(fi+fKb+---+fHh+b)+ A fill#:
minimize  L(f +f+-+htb) + ;I\/HH,
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Introduction Lasso, group lasso and MKL

Introducing Kernels

Multiple Kernel Learning (MKL) (Lanckriet, Bach, et al., 04)
Let H1,Ho>,...,Hnbe RKHSs and Ky, K>, .. ., K, be the kernel

functions. Use functions f= 4 + fh +---+ 1,
~— =~ ~—~
€Hq EHo €Hn

n
minimize L(fi+fKb+---+fHh+b)+ A fill#:
minimize  L(f +f+-+htb) + ;I\/HH,

|l representer theorem

n n
minimize (3" Kjoy+b1) + A3 lleylx,
J=1 j=1

o;€R™M bER

where, ”OL]'HK]. = \/ajTKjO:jD

- nothing but a kernel-weighted group lasso
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Introduction Lasso, group lasso and MKL

Modeling assumptions

In many cases the loss term L(-) can be decomposed into a loss
function f, and a design matrix A.
@ Squared loss

1 X
feQ(Z)Zé”y—ZHz’ A:( : )

Xm-r

m
Z - (xi,w

= fA(Aw) =

l\) \

@ Logistic loss

=Y log(1 +exp(-yiz)), A= <X1E )
= fr(Aw) = > —loga(y; (w, x;))
i=1

(UT / Tokyo Tech) 2009-09-15
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Introduction Objective

Objective

Develop an optimization algorithm for the problem:

minimize  f,(Aw) + ¢\ (w).
weR”"
@ A c R™ (m: #observations, n: #unknowns)O
@ f; is convex and twice differentiable.
@ ¢, (w) is convex but possibly non-differentiable, e.g.,
oA(w) = Allwl]s.
@ 7PN = Pya-
@ We are interested in algorithms for general f;, (< LARS).

(UT / Tokyo Tech) 2009-09-15



Introduction Objective

Where does the difficulty come from?

Conventional view:. the non-differentiability of ¢»(w)

@ Upper bound the regularizer from above
with a differentiable function.
e FOCUSS
(Rao & Kreutz-Delgado, 99)
e Majorization-Minimization (Figueiredo et

al., 07)
@ Explicitly handle the non-differentiability.

o Sub-gradient L-BFGS (Andrew & Gao,
07; Yu et al., 08)

Our view: the coupling between variables introduced by A.

(UT / Tokyo Tech) 2009-09-15 14 /42



Introduction Objective

Where does the difficulty come from?

Our view: the coupling between variables introduced by A.
In fact, when A =1,

n

min, (gly = wig + Alwls ) = 3" min (505w -+ Aw).
= W =STA\()
yi—h A<y
=<0 (=AY <)), _N’A
YitA <= /
min is obtained analytically!

We focus on ¢, for which the above min can be obtained analytically

(UT / Tokyo Tech) DAL 2009-09-15 15/42



Introduction Objective

Earlier study

Iterative Shrinkage/Thresholding (IST) (Figueiredo&Nowak, 03;
Daubechies et al., 04;...):

Algorithm

@ Choose an initial solution wP.
© Repeat until some stopping criterion is satisfied:

w' — argmin (Q,,(w; w') + ¢5(w))
weR"?
where
Q,(w; wh) = L(w!)+ VLT (w)(w — wi) L lw — w3
27] N’

(1) Linearly approximate the loss term. (2) penalize

dist® from the
last iterate.

Note: minimizing Q,(w; w') gives the ordinary gradient step.

(UT / Tokyo Tech) DAL 2009-09-15 16/42



Introduction Objective

Earlier study: IST
argmin (Q,(w; w') + ¢ (w))

weR”?

— argmin (const. + VLT (wh(w — w!) + 1—||w —wl|3+ m(w))
WERD 2nt
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Introduction Objective

Earlier study: IST
argmin (Q,(w; w') + ¢ (w))

weR”?

— argmin (const. + VLT (wh(w — w!) + 1—Hw —wl|3+ m(w))
wER” 2n

. 1 - .
= argmin <2|]w — w2+ gb,\(w)) —: ST, (W)
weR” Uls

assume this min can be obtained analytically

where W' = w! — 7, VL(w?) (gradient step)
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Introduction Objective

Earlier study: IST

weR”?

= argmin (const. + VL (wh)(w —w') + 1—Hw — w3+ m(w))
WER" 2nt

. 1 - .
= argmin <2m|]w — w2+ gb,\(w)) —: ST, (W)

weR"

-~

assume this min can be obtained analytically

\\\\\\\\/
~ t t t . D %
where W' = w' — i, VL(w') (gradient step) s

PGSRV N Y QO VN

Finally, IR
———— e e [
t-+1 t t |
W STy (W' — 9 VL(W')) ey e
e ~ - P B L
shrink gradient step sttt ¢
@ Prol easy to implement. ijjjjjjj\;\g

\%////// AR

@ Con0 bad for poorly conditioned A.

(UT / Tokyo Tech)



Introduction Objective

Earlier study: IST

weR”?
weR"

= argmin (const. + VLT (wh(w — w!) + 217]Hw —wl|3+ ¢/\(W))
t

weR"

. 1 - .
= argmin <2m|]w — w2+ gb,\(w)) —: ST, (W)

-~

assume this min can be obtained analytically

where W' = w! — 7, VL(w!) (gradient step)

Finally,

NONN
SR

w ST, (w! — n,VL(wh)
W—/ -~ ”
shrink gradient step

@ Pro easy to implement.
@ Con0 bad for poorly conditioned A.

(UT / Tokyo Tech)
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Introduction Objective

Summary so far

We want to solve:

minimize  f,(Aw) + ¢\(w).
weR”

@ f; is convex and twice differentiable.

@ ¢,(w) is a convex function for which the
minimization:

] ST(2)

ST(2) = argmin (5w~ 2[§ + ox(w))

weR”

can be carried out analytically, e.g., NlA 2
oA(w) = A wly.
@ Exploit the non-differentiability of ¢,: .
more sparsity — more efficiency.

@ Robustify against poor conditioning of A.

(UT / Tokyo Tech) 2009-09-15 18/42



Outline

@ Method

(UT / Tokyo Tech) 2009-09-15 19/42



Method Proximal minimization algorithm
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@ Method
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Proximal Minimization (Rockafellar, 1976)

@ Choose an initial solution wP.
© Repeat until some stopping criterion is satisfied:

1
wit argmin( f(Aw)  +or(w)+ — |[w—w'|3 )
S—— S———

WeRD 2n;
No approximation penalize  dist?
from the last
iterate.

o Let
fy (W) =Mingepn (F(AW) + or(W) + o | W — w|Z).
o Fact1: f,(w) < f(w) = f, (Aw)+¢A( w)O
e Fact2: f,(w*) = f(w*)O

(UT / Tokyo Tech) 2009-09-15 21/42



Method Proximal minimization algorithm

The difference

@ IST: linearly approximates the loss term:
f,(Aw) ~ f,(Aw') + (w — w!) T ATV, (Aw')

— tightest at the current iterate w'!
@ DAL (proposed): linearly lower bounds the loss term:

f,(Aw) = max (—fg(—a) — WTAT(X)

acRM

— tightest at the next iterate w!*"

(UT / Tokyo Tech) 2009-09-15



Method Proximal minimization algorithm

The algorithm

IST (Earlier study)

@ Choose an initial solution wP.
© Repeat until some stopping criterion is satisfied:

W STy (W' + AT (—Vi(Aw')) )

Dual Augmented Lagrangian (proposed)

@ Choose an initial solution w® and a sequence g <7y < ---.
© Repeat until some stopping criterion is satisfied:

wt! — ST, (wt == n,ATat)
where

. :
o = argmin (11 (~a) + 5 STya(w' + A" a) 3
acR™ s

(UT / Tokyo Tech) 2009-09-15
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Method Proximal minimization algorithm

Derivation

w1 — argmin (fg(AW) + oa(w) + iHw w’H2>
weR”? 2nt
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Method Proximal minimization algorithm

Derivation

w1 — argmin (fg(AW) + oa(w) + iHw w’H2>
weR”? 2nt

] 1
= argmln{ max (—fg*(—a) - WTATOA) + oa(w) + meﬂw - Wt”%}

weRn acRM

Exchange the order of min and max, calculation, and calculation...

(UT / Tokyo Tech) 2009-09-15 25/42



Method Proximal minimization algorithm

Augmented Lagrangian

Equality constrained problem:
mini;nize f(x),

st e(x)=0.
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Method Proximal minimization algorithm

Augmented Lagrangian

Equality constrained problem:

mini;nize f(x), & mini;nize Lparg(X)

{f(x) (if ¢(x) = 0),

+o0o  (otherwise).
st e(x)=0.
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Method Proximal minimization algorithm

Augmented Lagrangian

Equality constrained problem:

minimize f(x), <  minimize Lyg(x) = { ) (I €(X) =0)
X x +o0o  (otherwise).
st e(x)=0.

Ordinary Lagrangian:

L(x,y) = f(x) +y e(x)
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Method Proximal minimization algorithm

Augmented Lagrangian

Equality constrained problem:

minimize f(x), < minimize L X
x () x hard(X) 400 (otherwise).

{f(x) (if c(x) = 0),
st e(x)=0.

Ordinary Lagrangian:
L(x,y) = f(x) +y e(x)

Augmented Lagrangian:

Ly(x,y) = f(x) + ¥ e(x)+7 | e(x)|

(UT / Tokyo Tech) 2009-09-15
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Method Proximal minimization algorithm

Augmented Lagrangian

Equality constrained problem:

mini;nize f(x), & mini;nize Lparg(X)

{f(x) (if ¢(x) = 0),

+o0o  (otherwise).
st e(x)=0.

Ordinary Lagrangian:
L(x,y) = f(x) +y e(x)

Augmented Lagrangian:

Ly(x,y) = f(x) + ¥ e(x)+7 | e(x)|

L(Xa y) < Ln(x7y) < Lhard(x)
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Method Proximal minimization algorithm

Augmented Lagrangian

Equality constrained problem:

mini;nize f(x), & mini;nize Lparg(X)

{f(x) (if ¢(x) = 0),

+o0o  (otherwise).
st e(x)=0.

Ordinary Lagrangian:
L(x,y) = f(x) +y e(x)

Augmented Lagrangian:

Ly(x,y) = f(x) + ¥ e(x)+7 | e(x)|

L(Xa .V) < Ln(x7 Y) < Lhard(x)
1 m);n

d(y) < d,(y) < f(x*): primal optimum

(UT / Tokyo Tech) DAL 2009-09-15
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Method Proximal minimization algorithm

Augmented Lagrangian Algorithm (Hestenes, 69; Powell, 69)

@ Choose an initial multiplier y° and a sequence g <y < - - -.
@ Update the multiplier:

yt

where

Tyt ee(x)

x' = argmin L, (x, y')
X

Note
@ The multiplier y! is updated as long as the constraint is violated.
@ AL method < proximal minimization in the dual (Rockafellar, 76).

’

1  argmax d ——ly — ¥'II5

y gmax( d(y) 5 IV = V'IE)
=minx(f(x)+y T ¢(x))

(UT / Tokyo Tech) 2009-09-15 27/42
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Method Multiple Kernel Learning

Objective

Learn a linear combination of kernels from data.

m
A
minimize i(F(x:) - b) = 21 f]12
feH,beR,deERN ; i(f(xi) + b) + 2H HH(d)

n
st. K(d)=> dK; d=>0 > g<i.
i=1

I

+—max(0, 1-yf)

N

(UT / Tokyo Tech)
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Method Multiple Kernel Learning

Representer theorem

. A+
ae@mblénﬁ,zd%w L(K(d)ax+ b1) + Pl K(d)a

n
st. K(d)=> dK; d=>0 > dg<i.
i=1 i

(UT / Tokyo Tech) 2009-09-15



Method Multiple Kernel Learning

Relaxing the regularization term

I AT
aeg\,}{lblénﬂg’zdeew L(K(d)ax+ b1) + 50 K(d)a

n
st. K(d)=> dK; d=>0 > dg<i.
i=1

(UT / Tokyo Tech) 2009-09-15



Method Multiple Kernel Learning

Relaxing the regularization term

I AT
ae%?blénﬁ,zd%w L(K(d)ax+ b1) + 50 K(d)a
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Method Multiple Kernel Learning

Relaxing the regularization term

I AT
ae@aggnﬂgyzdeew L(K(d)ax+ b1) + 50 K(d)a

n TK . n
o K(d)a = min (Z w> sty Kjo; = K(d)a
J

=

(Proof) Introduce Lagrangian multiplier 3 and minimize

5 Z b B i K i <K(d)a = K,-a,-> .
j=1

a/:dj,@DB:a

(UT / Tokyo Tech) DAL 2009-09-15 31/42



Method Multiple Kernel Learning

Minimization of the upper-bound

4 A o Ko
minimize  L(}" Kjoy+b1) + AP
j=1 j=1 1

o €RM beR,deR"

st. d >0, Zdjgt
j

(UT / Tokyo Tech) 2009-09-15



Method Multiple Kernel Learning

Minimization of the upper-bound

n
a Ka
minimize L( Kia; b1) &4 Y
o ER™M bER,dER" /Z; jog 22

st. d>0, Y dg<t.

n

T v
ZO‘/ Kja;
=9
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Method Multiple Kernel Learning

Minimization of the upper-bound

n
o Ka
minimize L( Kia; 1) b/ e}
o ER™M bER,dER" /Z; jaj+b 22

st. d>0, Y dg<t.

TK; K
ZO‘/ j& Z/ajdzaj

j=1
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Method Multiple Kernel Learning

Minimization of the upper-bound

n
a Ka
minimize L( Kia; b1) &4 Y
o ER™M bER,dER" /Z; jog 22

st. d>0, Y dg<t.

(UT / Tokyo Tech) 2009-09-15



Method Multiple Kernel Learning

Minimization of the upper-bound

n
Q; Ka
minimize  L(Y" Kjay+b1) + 55 S0
o €ERM beR, deR" /Z; jey +b 22

st. d>0, Y dg<t.

ZO‘/ KO‘/ Zda/ Ka/ Zd(”a!”">2

j=1
n ’ 2
. Zdjm < =1
d; Jensen’s inequality

J=1
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Method Multiple Kernel Learning

Minimization of the upper-bound

n
a Ka
minimize L( Kia; b1) & i
o €ERM beR, deR" /Z; ot 22

st. d>0, Y dg<t.

ZO‘/ KO‘/ Zda/ Ka/ Zd(”a!”">2

j=1
" e H : g =1
> AL} j
- (Zd’ d; ) < Jensen’s inequality )

J=1

= (é!laﬂ\m)z

1 linear sum of RKHS norms
(UT / Tokyo Tech) DAL 2009-09-15 32/42



Method Multiple Kernel Learning

Equivalence of the two formulations

Penalizing the square of linear sum of RKHS norms (Bach et al.)

n n
. A 2
minimize L(; Kjoy+b1) + 5 ( ,Z eyl ) (A)
Penalizing of the linear sum of RKHS norms (proposed)
n n
H H H . . / .
< minimize L(; Koy + b1) + A ; oy, (B)
n
Optimality of (A): Ve, L+ A(Z ||ajHKj)3ajHajHKj 50
j=1
Optimality of (B): VoL + XNollellk; 2 0

(UT / Tokyo Tech) 2009-09-15 33/42



Method Multiple Kernel Learning

DAL + MKL = SpicyMKL (Sparse lterative MKL)

@ The bias term b, and the hinge-loss need spacial care.

@ Soft-thresholding per kernel (< per variable)

M7 (gl = 3) et (otherwise)

(UT / Tokyo Tech)
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Experiments
Experimental setting

@ Problem: lasso (square loss + L1 regularization)
@ Comparison with:
e I1_Is (interior-point method)
o SpaRSA (step-size improved IST)
(problem specific methods (e.g., LARS) are not considered.)
@ Random design matrix A € R™" (m: #observations, n:
#unknowns) generated as:
@ A=randn (m, n); (well conditioned)
@ A=Uxdiag(1./(1:m))V’; (poorly conditioned)
@ Two settings:

e Medium Scale (n = 4m, n < 10000)
o Large Scale (m=1024, n< 1e+ 6)

(UT / Tokyo Tech) 2009-09-15



Experiments

Results (medium scale)

Well conditioned Poorly conditioned

[ e DALchol (n,=1000) | e DALchol (n,=100000)
7 20000F = (1 “toon R 100001 """ oacg (n,=100000) -
§ 10000 71T g 10000 - samsn
— 100 «eeeeees ;/ 100 ] seeseren 111s
Q
£ 10 £ 10
= 1 = 1 BT
> 35 il
& o1 & o1 =
0.01 0.01
2 2 100 1000
S 100 S 19@ ‘ ‘
g 10 [ [
£ 1 L
#H o~
kS S
=10 > 5 : 1
g 8} g 2.5} e }
& | 2% i
:‘;— 6 100 1000 10000 & 100 1000
Number of observations Number of samples
(a) Normal conditioning (b) Poor conditioning

(UT / Tokyo Tech) 2009-09-15



Experiments

Results (large scale)

10000

1000

—_DALchol (n 1:1000)
_.. DALcg (n 1=1000)

- = = SpaRSA

100

CPU time (secs)

#iterations

[«

Sparsity (%)

(UT / Tokyo Tech)
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Experiments

L1-logistic regression

e m=1,024.
@ n=4,096-32,768.

Imd=0.1 Imd=1 Imd=10
150 100 100
—»— DALcg (fval)
’g 100 —»— DALcg (gap)
° —+— DALchol (gap)
£ 50 50 —+— OWLON
z 50 ——1_logreg
O
B 8 8
P
=
» 20 20 \ 20
5 \
joR
n
01 13,14 15 01 13,14 ,15 0— 3, 1,15
27027272 27027272 27027272
n n n
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Experiments
Image classification

@ Picked five classes anchor, ant, cannon, chair, cup from Caltech
101 dataset (Fei-Fei et al., 2004).

@ Ten 2-class classification problems.

@ # kernels 1,760 = Feature extraction (4) x Spatial subdivision (22)
x Kernel functions (20)

o Feature extraction: (a) hsvsift, (b) sift (scale auto), (c) sift (scale 4px
fixed), (d) sift (scale 8px fixed) (used van de Sande’s code)

e Spatial subdivision and integration: (a) whole image, (b) 2x2 grid,
and (c) 4x4 grid + spatial pyramid kernel (Lazebnik et al., 06).

e Kernel functions: Gaussian RBF kernel and x? kernels using 10
different scale parameters each.

(cf. Gehler & Nowozin, 09)

(UT / Tokyo Tech) 2009-09-15 40/42
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e Summary
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Summary
Summary

DAL (dual augmented Lagrangian)
@ is a dual method in the dual (=primal proximal minimization)
@ is efficient when m < n.
@ tolerates poorly conditioned design matrix A better.
@ exploits sparsity in the solution (not in the design).

@ Legendre transform: linear lower bound instead of linear
approximation.

Tasks:
@ theoretical analysis.
@ cool application.

(UT / Tokyo Tech) 2009-09-15
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