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Two sides of machine learning
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Theory: Why Is It hard?
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The first part: ridge regression
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The second part: LASSO
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Ridge Regression



Problem Setting
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Ridge Regression
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Note: Can be interpreted as a Maximum A Posteriori (MAP) estimation
— Gaussian likelihood with Gaussian prior.



Designing the design matrix

o« SPMVNOT PG 9 DBO CF EJ$ZFESFOU |
—IF H QSFEJDUJOH UIF QSJDF PG BO B

o | 52|82

v € 8 < ¥

X = NIO === | 8] | .S
58328

m"’z

o $SPMVNOT PG 9 DBO BMTP CF EFSJ\

-IF H QPI\/IZQFNJBM SFHSETTJPO
h ada 1?2 11 1

azg! ada 15 1%
Vo 4

Pl dddaxd oz, 1



Solving ridge regression
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Example: polynomial fitting
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Example: 5th-order polynomial
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Example: 5th-order polynomial
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Example: 5th-order polynomial
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Example: 5th-order polynomial

fitting

= = = Trye

®  Training examples

=1

True
0
| 11 O
w ="}
"1
0
Learned
0.27
(! 0.06\
W |00
11 0.12
1 0.41




Example: 5th-order polynomial
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Example: RBF fitting
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RR-RBF [ =10-)
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RR-RBF [=10-2)
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Binary classification
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Multi-class classification

USPS digits dataset 7291 training samples,

2007 test samples
http://www-stat-class.stanford.edu/~tibs/ElemStatLearn/datasets/zip.info
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USPS dataset

We can obtain 88% accuracy on a held-out test-set

using about 7300 training examples
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o0]
o
T

TOE oo ffi b

Accuracy (%)

A machine can learn!
(using a very simple

sof learning algorithm)
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Summary (so far)
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Singularity
- The dark side of RR



USPS dataset (p=256)
(What | have been hiding)
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Breast Cancer Wisconsin
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30 real-valued features
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SPECT Heart dataset (p=22)

SPECT Heart p=22

1 22 binary features
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4 - e P A

Spambasedataset ( p=57) ==

Spambase p=57
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Musk dataset (p=166)

musk p=166
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Singularity
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LetOs analyze the simplest case:

regression.
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Nume ri Cal Iy 5S &xp_ridge regression.m
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First step
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What does it mean?
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For ridge regression,
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Analyze the bias

Show that
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Implications
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Analyze the variance
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Implications
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Marchenko tPastur distribution
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When n >> p
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When n >> p
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Summary of the analysis
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Result (! =10-°)

Ridge Regression: number of variables=100, lambda=1e! 06
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Result (! =0.001)
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Result (! =1)
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How about classification?
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Analyzing classification

[Opper and Kinzel (1995) Statistical Mechanics of Generalization]
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Analyzing classification (result)
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How can we avoid the
singularity?
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accuracy

divergence

Can we avoid singularity?
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Summary

- 3JEHF SFHSFTTJPO 33 JT WFSZ TJ
UP JNOMFNFOU

' 33 IBXXJEF BOQMJBBHJFMBTTJpDBU
NVMUJ DMBTT DMBTTJpDBUJPO

. #F DBSFGVM BCPVU UI|FEEJ®MHY KBS
EPFT OPU BMXBANQEMMOF QFSGPSNB

- "OBMZ[JOH UIF TJOHVMBSJUZ QSFE

QFSGPSNBODF RVBOUJUBUJWFEFMZ
—13FHSFTTJPO TFUUJOH WBSNB®&DFOHPF

I$MBTTJpDBUJPO TFU®WFOH OPS$®JIpOJU
BW Q




LASSO
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What Is Lasso?
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Why sparsity ?
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Example (n=1024, p=4096)
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What Is special about L ,?
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What 1s a norm?
@ 1PTIJUIJWF IPNPHFOPVT /|1
IUx| = ! |&lx] (for any! ER)/

/! 5SIJBOHMF JOFRVBMJUAZK

Ix +yl"l xlI + 1yl

/! FSP NFBOT [FSP
Ix =0 " X =0



Various norms
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Setup
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Theorem (we prove at the end)
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A starting point
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Proof
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A closer look
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A closer look
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The consequence
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Lemma: tail probabllity of max
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How large can 'X'! n'.be?
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Summary so far
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Two assumptions we used
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Proof of the right hand side
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Compatibility of norms
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Decomposabllity of L ,-norm
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Bounding the non-sparse pairt
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Bounding the non-sparse pairt
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Proof of the left hand side
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Lack of strong convexity
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Restricted strong convexity
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Visualizing restricted strong
convexity ( n=1 and p=2)
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Taking sparsity Into account
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Theorem (shown again)
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Implications of the bound
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Phase transition!
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Conclusion
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Blessing of dimensionality
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Gordon-Slepian (part I)
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GS Lemma for max singular value
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Gordon-Slepian (part 1)
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GS Lemma for min singular value
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