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Two sides of machine learning ��

�.�P�E�F�M�J�O�H��

�	�)�P�X���U�P��

�E�P���U�I�J�O�H�T�
��

�&�W�B�M�V�B�U�J�O�H��

�	�)�P�X���U�I�F�Z��

�Q�F�S�G�P�S�N�
��



Theory: Why is it hard? ��
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The first part: ridge regression ��

•! �$�B�O���B�O�B�M�Z�[�F���F�W�F�S�Z�U�I�J�O�H���V�T�J�O�H���P�O�M�Z��
equalities (=) 

•! �$�B�O���C�F���D�P�O�T�J�E�F�S�F�E���B�T���B���T�U�B�S�U�J�O�H���Q�P�J�O�U��
�G�P�S���P�U�I�F�S���	�N�P�S�F���D�P�N�Q�M�F�Y�
���B�M�H�P�S�J�U�I�N�T��

•! �$�V�S�J�P�V�T���Q�I�B�T�F���U�S�B�O�T�J�U�J�P�O���Q�I�F�O�P�N�F�O�B��
�D�B�O���C�F���P�C�T�F�S�W�F�E��



The second part: LASSO��

•! �-�����S�F�H�V�M�B�S�J�[�F�E���M�F�B�S�O�J�O�H���J�T���B��
�D�P�O�W�F�O�J�F�O�U���X�B�Z���P�G���P�C�U�B�J�O�J�O�H���T�Q�B�S�T�J�U�Z����

•! �/�P�U���P�O�M�Z���D�P�O�W�F�O�J�F�O�U����
–!�J�O���N�B�O�Z���T�F�U�U�J�O�H�T���0�	k�M�P�H�	p�
�
���T�B�N�Q�M�F�T���B�S�F��

�F�O�P�V�H�I���U�P���M�F�B�S�O���X�I�F�O���U�I�F���U�S�V�U�I���J�T���B��k��
�T�Q�B�S�T�F���W�F�D�U�P�S���J�O��p���E�J�N�F�O�T�J�P�O����

–!�F�O�B�C�M�F�T���M�F�B�S�O�J�O�H���J�O���W�F�S�Z���I�J�H�I���E�J�N�F�O�T�J�P�O��



Ridge Regression��



Problem Setting ��

•! �5�S�B�J�O�J�O�H���F�Y�B�N�Q�M�F�T�����	xi�
��yi�
���	i�����
�œ�
��n�
�
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•! �(�P�B�M��
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���������������������������������������������	x���
y���
���™�1�	�9�
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Ridge Regression��

•! �4�P�M�W�F���U�I�F���N�J�O�J�N�J�[�B�U�J�P�O���Q�S�P�C�M�F�N��
minimize

w
! y " Xw ! 2 + ! ! w ! 2

Training	
  error	
 Regulariza7on	
  (ridge)	
  term	
  
(λ:	
  regulariza7on	
  const.)	


Note:	
  Can	
  be	
  interpreted	
  as	
  a	
  Maximum	
  A	
  Posteriori	
  (MAP)	
  es7ma7on	
  
	
  	
  	
  –	
  Gaussian	
  likelihood	
  with	
  Gaussian	
  prior.	


y =

!

"
"
"
#

y1

y2
...

yn

$

%
%
%
& X =

!

"
"
"
#

x 1
!

x 2
!

...
x n

!

$

%
%
%
&

Target	
  
output	
  

Design	
  
matrix	
  



Designing the design matrix ��
•! �$�P�M�V�N�O�T���P�G���9���D�B�O���C�F���E�J$Ž�F�S�F�O�U���T�P�V�S�D�F�T���P�G���J�O�G�P��

–! �F���H���
���Q�S�F�E�J�D�U�J�O�H���U�I�F���Q�S�J�D�F���P�G���B�O���B�Q�B�S�U�N�F�O�U��

•! �$�P�M�V�N�O�T���P�G���9���D�B�O���B�M�T�P���C�F���E�F�S�J�W�F�E��
–! �F���H���
���Q�P�M�Z�O�P�N�J�B�M���S�F�H�S�F�T�T�J�P�O��
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Solving ridge regression ��

•! �5�B�L�F���U�I�F���H�S�B�E�J�F�O�U�
���B�O�E���T�P�M�W�F��

! X ! (y ! Xw) + ! w = 0

which	
  gives	


()* :	
  p×p	
  iden7ty	
  matrix)	


The	
  solu7on	
  can	
  also	
  be	
  wriSen	
  as	
  (exercise)	
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XX ! + ! I n

" " 1
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Example: polynomial fitting ��

•! �%�F�H�S�F�F���	�Q�����
���Q�P�M�Z�O�P�N�J�B�M���N�P�E�F�M��

Design	
  matrix:	
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Example: 5th-order polynomial 
fitting ��
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Example: 5th-order polynomial 
fitting ��

True	


w! =

!

"
0
0
1
0

" 1
0

#

$

Learned	


 

 

�h=0.01

True
Learned
Training examples

w =

!

"
"
"
"
"
"
#

! 0.27
0.25
1.99

! 1.16
! 1.73
0.56

$

%
%
%
%
%
%
&



Example: 5th-order polynomial 
fitting ��
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Example: 5th-order polynomial 
fitting ��
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Example: 5th-order polynomial 
fitting ��
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Example: RBF fitting ��
•! �(�B�V�T�T�J�B�O���S�B�E�J�B�M���C�B�T�J�T���G�V�O�D�U�J�P�O���	�(�B�V�T�T�J�B�O���3�#�'�
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RR-RBF (! =10-8)��
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RR-RBF (! =10-7)��
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RR-RBF (! =10-6)��
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RR-RBF (! =10-5)��
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RR-RBF (! =10-4)��
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RR-RBF (! =10-3)��
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RR-RBF (! =10-2)��
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RR-RBF (! =10-1)��
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RR-RBF (! =1)��

−! −"#$ −" −%#$ % %#$ " "#$ !
−&

−!

−"

%

"

!

&
'()*+(,"

-

-
./01
21(/31+
./(43435-16()7'18



RR-RBF (! =10)��
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Binary classification ��

•! �5�B�S�H�F�U���Z���J�T���������P�S����������

•! �+�V�T�U���B�Q�Q�M�Z���S�J�E�H�F���S�F�H�S�F�T�T�J�P�O���X�J�U�I��������������
�U�B�S�H�F�U�T��
–! �G�P�S�H�F�U���B�C�P�V�U���U�I�F���(�B�V�T�T�J�B�O���O�P�J�T�F���B�T�T�V�N�Q�U�J�P�O����
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Multi-class classification ��
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USPS	
  digits	
  dataset	


hSp://www-­‐stat-­‐class.stanford.edu/~7bs/ElemStatLearn/datasets/zip.info	
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USPS dataset��
We	
  can	
  obtain	
  88%	
  accuracy	
  on	
  a	
  held-­‐out	
  test-­‐set	
  
using	
  about	
  7300	
  training	
  examples	


A	
  machine	
  can	
  learn!	
  
(using	
  a	
  very	
  simple	
  
learning	
  algorithm)	


λ=10-­‐6	




Summary (so far) ��

•! �3�J�E�H�F���S�F�H�S�F�T�T�J�P�O���	�3�3�
���J�T���W�F�S�Z���T�J�N�Q�M�F����

•! �3�3���D�B�O���C�F���D�P�E�F�E���J�O���P�O�F���M�J�O�F����

   W=(XÕ* X+lambda *eye(n))\(XÕ*Y);!

•! �3�3���D�B�O���Q�S�F�W�F�O�U���P�W�F�S���p�U�U�J�O�H���C�Z���S�F�H�V�M�B�S�J�[�B�U�J�P�O����

•! �$�M�B�T�T�J�p�D�B�U�J�P�O���Q�S�P�C�M�F�N���D�B�O���B�M�T�P���C�F���T�P�M�W�F�E���C�Z��

�Q�S�P�Q�F�S�M�Z���E�F�p�O�J�O�H���U�I�F���P�V�U�Q�V�U���:����

•! �/�P�O�M�J�O�F�B�S�J�U�J�F�T���D�B�O���C�F���I�B�O�E�M�F�E���C�Z���V�T�J�O�H���C�B�T�J�T��

�G�V�O�D�U�J�P�O�T���	�Q�P�M�Z�O�P�N�J�B�M�
���(�B�V�T�T�J�B�O���3�#�'�
���F�U�D���
����



Singularity 
- The dark side of RR ��



USPS dataset (p=256) 
(What I have been hiding) ��

•! �5�I�F���N�P�S�F���E�B�U�B���U�I�F���M�F�T�T���B�D�D�V�S�B�U�F� � ��
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256	
  is	
  the	
  number	
  	
  
of	
  pixels	
  (16x16)	
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  image	
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λ=10-­‐6	




Breast Cancer Wisconsin 
(diagnostic) dataset ( p=30)��
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Breast Cancer Wisconsin

(n)	


λ=10-­‐6	


30	
  real-­‐valued	
  features	
  
•!	
  radius	
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  texture	
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  etc.	




SPECT Heart dataset (p=22)��
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Spambase dataset ( p=57)��

10
0

10
1

10
2

10
3

10
4

50

60

70

80

90

100

Number of samples (n)

A
cc

ur
ac

y 
(%

)
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λ=10-­‐6	


55	
  real-­‐valued	
  features	
  
•!	
  word	
  frequency	
  
•!	
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2	
  integer-­‐valued	
  feats	
  
•!	
  run-­‐length	
  



Musk dataset ( p=166) ��
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Singularity ��

�8�I�Z���E�P�F�T���J�U���I�B�Q�Q�F�O� ��
�)�P�X���D�B�O���X�F���B�W�P�J�E���J�U� ��



LetÕs analyze the simplest case: 
regression. 
•! �.�P�E�F�M��
–!�%�F�T�J�H�O���N�B�U�S�J�Y��X���J�T���p�Y�F�E���	X���J�T��not���S�B�O�E�P�N�
��
–!�0�V�U�Q�V�U����

•! �&�T�U�J�N�B�U�P�S��

•! �(�F�O�F�S�B�M�J�[�B�U�J�P�O���&�S�S�P�S��
öw =

!
X ! X + ! I p

" " 1
X ! y

y = Xw ! + ! ! �����O�P�J�T�F��

E! ! öw " w ! ! 2
�F�Y�Q�F�D�U�B�U�J�P�O���P�W�F�S���O�P�J�T�F��



Numerically ��
�/�V�N�C�F�S���P�G���W�B�S�J�B�C�M�F�T���Q���������
���� ������ ������
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First step ��

w̄ = E�ŵ

E! ! öw " w ! ! 2 = ! øw " w ! ! 2 + E! ! öw " øw ! 2

�#�J�B�T�� �� �7�B�S�J�B�O�D�F��

�#�J�B�T���W�B�S�J�B�O�D�F���E�F�D�P�N�Q�P�T�J�U�J�P�O��

�-�F�U�`�T���T�I�P�X���U�I�B�U��

�#�V�J�M�E�J�O�H���C�M�P�D�L�T����

•!�����M�J�O�F�B�S�J�U�Z���P�G���F�Y�Q�F�D�U�B�U�J�P�O��

•!����! x + y ! 2 = ! x ! 2 + 2x ! y + ! y ! 2

E[aX + bY] = aE[X ] + bE[Y ]



What does it mean? ��

w̄ = E�ŵ

E! ! öw " w ! ! 2 = ! øw " w ! ! 2 + E! ! öw " øw ! 2

�#�J�B�T�� �� �7�B�S�J�B�O�D�F��

�X�I�F�S�F��

�#�J�B�T���W�B�S�J�B�O�D�F���E�F�D�P�N�Q�P�T�J�U�J�P�O��

Bias:	
  error	
  coming	
  from	
  the	
  
model/design	
  matrix	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  -­‐	
  under-­‐fijng	
  
Variance:	
  error	
  caused	
  by	
  the	
  
noise	
  -­‐	
  over-­‐fijng	


�#�J�B�T��

�7�B�S�J�B�O�D�F��

øw

w!

ŵ



For ridge regression, ��

•! �4�J�O�D�F��

øw = ( X ! X + ! I p)" 1X ! Xw #

öw ! øw = ( X ! X + �I p)" 1X ! !

y = Xw ! + ! E! = 0�J�G��

�5�I�F�O���X�I�B�U���J�T���C�J�B�T� ���X�I�B�U���J�T���W�B�S�J�B�O�D�F� ��



Analyze the bias ��
Show	
  that	


�X�I�F�S�F�� ���T�J�O�H�V�M�B�S���W�B�M�V�F���E�F�D�P�N�Q�P�T�J�U�J�P�O��

�	�%�F�p�O�F��si�������J�G��i ��m�
��

X = U ! V !

U �U = I n ,

V �V = I p,

! = diag ( s1, . . . , sm ) (m = min( n, p))

! øw " w ! ! 22 =
p!

i=1

"
! v i

" w !

s2i + !

# 2



Implications ��

•! �8�I�F�O���O���Q�
���3�3���J�T���C�J�B�T�F�E���	�F�W�F�O���G�P�S�����à���
��

•! �#�J�B�T���N�P�O�P�U�P�O�J�D�B�M�M�Z���E�F�D�S�F�B�T�F�T���X�J�U�I��
�J�O�D�S�F�B�T�J�O�H���T�B�N�Q�M�F���T�J�[�F���O��

•! �#�J�B�T���D�P�N�F�T���G�S�P�N���9���	�O�º�Q�
���O�P�U���C�F�J�O�H��
�B�C�M�F���U�P���T�Q�B�O���U�I�F���X�I�P�M�F���G�F�B�U�V�S�F���T�Q�B�D�F��

! w̄ " w! ! 2 ! " 0"#

! " p
i = n +1

#
vi

# w!
$2 (n < p ),

0 (otherwise).



�#�V�J�M�E�J�O�H���C�M�P�D�L����

Analyze the variance ��

•! �"�T�T�V�N�F���U�I�B�U���U�I�F���O�P�J�T�F���� �J���J�T���J�O�E�F�Q�F�O�E�F�O�U��
�B�O�E���I�B�W�F���J�E�F�O�U�J�D�B�M���W�B�S�J�B�O�D�F��������

•! �5�I�F�O���T�I�P�X���U�I�B�U��

(This	
  part	
  depends	
  on	
  what	
  we	
  assume	
  about	
  the	
  noise)	


�X�I�F�S�F���N�� �N�J�O�	�O�
�Q�
��

E! ! öw " øw ! 2
2 = ! 2Tr

!
(X ! X + " I p)" 2X ! X

"

= ! 2
m#

i =1

s2
i

(s2
i + " )2

Tr( AB ) = Tr( BA )



Implications ��

•! �$�P�O�U�S�J�C�V�U�J�P�O���G�S�P�N���T�N�B�M�M���T�J�O�H�V�M�B�S��
�W�B�M�V�F�T���D�B�O���C�F���M�B�S�H�F���X�I�F�O�����à����

•! �8�I�F�O���E�P�F�T���U�I�F���T�N�B�M�M�F�T�U���T�J�O�H�V�M�B�S���W�B�M�V�F��
�I�J�U���[�F�S�P� ��
<z���B�S�P�V�O�E���O�� �Q���	�.�B�S�D�I�F�O�L�P�r�1�B�T�U�V�S�
��

Variance= ! 2
m!

i =1

s2
i

(s2
i + " )2

! ! 0!" ! 2
m!

i =1

s" 2
i



Marchenko ÐPastur distribution ��
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empirical spectrum

theory

empirical spectrum

theory

�-�B�S�H�F�T�U���T�J�O�H�V�M�B�S���W�B�M�V�F��

�4�N�B�M�M�F�T�U���T�J�O�H�V�M�B�S���W�B�M�V�F��

!
n +

!
p

!
n "

!
p

�	�J�G���O�������Q�
��

�5�S�Z��exp_marchenko_pastur.m ��



When n >> p��

0 20 40 60 80 100
0.5

0.6

0.7

0.8

0.9

1

1.1

1.2

1.3

1.4

1.5

Order

Si
ng

ul
ar

 v
al

ue
s/

sq
rt(

n)

 

 
n=500
n=1000
n=10000
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!
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n

1 +

r
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When n >> p��

•! �*�O���U�I�J�T���S�F�H�J�N�F�
��

Variance= ! 2 np
(n + " )2

! ! 0!" ! 2 p
n

�5�I�F���O�V�N�C�F�S���P�G���T�B�N�Q�M�F�T���O���X�F���O�F�F�E���U�P���H�F�U��

�D�F�S�U�B�J�O���F�S�S�P�S���T�D�B�M�F�T���M�J�O�F�B�S�M�Z���X�J�U�I���U�I�F��

�O�V�N�C�F�S���P�G���E�J�N�F�O�T�J�P�O���Q��



Summary of the analysis ��

•! �#�J�B�T���E�F�D�S�F�B�T�F�T���N�P�O�P�U�P�O�J�D�B�M�M�Z���X�J�U�I���U�I�F��
�O�V�N�C�F�S���P�G���T�B�N�Q�M�F�T��
–!�C�J�B�T�����������G�P�S���O�������Q����

•! �7�B�S�J�B�O�D�F���T�D�B�M�F�T���M�J�L�F��

�X�I�F�O���� ���J�T���T�N�B�M�M����
–!�D�B�O���C�F���M�B�S�H�F���B�S�P�V�O�E���O�� �Q��

! 2
! min( n,p )

i =1
s! 2

i



Result ( ! =10-6)��
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Ridge Regression: number of variables=100, lambda=1e! 06

 

 

simulation

bias

variance



Result ( ! =0.001) ��
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Result ( ! =1)��
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How about classification? ��
•! �.�P�E�F�M��

–! �*�O�Q�V�U���W�F�D�U�P�S��xi���J�T���T�B�N�Q�M�F�E���G�S�P�N���T�U�B�O�E�B�S�E��
�(�B�V�T�T�J�B�O���E�J�T�U�S�J�C�V�U�J�P�O���	xi���J�T���B���S�B�O�E�P�N���W�B�S�J�B�C�M�F�
����

–! �5�I�F���U�S�V�F���D�M�B�T�T�J�p�F�S���J�T���B�M�T�P���B���O�P�S�N�B�M���S�B�O�E�P�N��
�W�B�S�J�B�C�M�F����

–! �0�V�U�Q�V�U����

�������������������������	�/�P�U���B���(�B�V�T�T�J�B�O���O�P�J�T�F���
��

•! �(�F�O�F�S�B�M�J�[�B�U�J�P�O���&�S�S�P�S��

y = sign(Xw! )

Es7mated	


Truth	


öw

w !

! =
1
"

arccos
!

öw ! w "

! öw !! w " !

"

xi ! N (0, I p) ( i = 1 , . . . , n)

w ! ! N (0, I p)



Analyzing classification ��

•! �-�F�U���� �������O���Q���B�O�E���B�T�T�V�N�F���U�I�B�U��

•! �"�O�B�M�Z�[�F���U�I�F���J�O�O�F�S���Q�S�P�E�V�D�U��

•! �"�O�B�M�Z�[�F���U�I�F���O�P�S�N��

Number	
  of	
  
samples	


Number	
  of	
  
features	


Regulariza7on	
  
constant	


n �⇥, p�⇥, ! � 0

E öw⇥w � =

!
"

#

!
p
$

2
! ! (! < 1),

!
p
$

2
! (! > 1).

E! w! ! 2 = p.E! öw ! 2 =

!
! (1 ! 2

! ! )
1! ! (! < 1),

2
! ( ! ! 1)+1 ! 2

!
! ! 1 (! > 1).

[Opper	
  and	
  Kinzel	
  (1995)	
  Sta7s7cal	
  Mechanics	
  of	
  Generaliza7on]	




Analyzing classification (result) ��
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How can we avoid the 
singularity? ��

! !�3�F�H�V�M�B�S�J�[�B�U�J�P�O��
! !�-�P�H�J�T�U�J�D���S�F�H�S�F�T�T�J�P�O��

! ! " !
"

"#!

$

%

!
&

'%
(

P(
y=
+1
|x
)	


log
P(y = +1 |x)
P(y = ! 1|x)

= w! x

minimize
w

n!

i =1

log(1 + exp(�yi w ! x i )) +
!
2
⇥w⇥2

Training	
  error	
 Regulariza7on	
  term	
  
(λ:	
  regulariza7on	
  const.)	




Can we avoid singularity? ��



Summary��

•! �3�J�E�H�F���S�F�H�S�F�T�T�J�P�O���	�3�3�
���J�T���W�F�S�Z���T�J�N�Q�M�F���B�O�E���F�B�T�Z��
�U�P���J�N�Q�M�F�N�F�O�U����

•! �3�3���I�B�T���X�J�E�F���B�Q�Q�M�J�D�B�U�J�P�O�
���F���H���
���D�M�B�T�T�J�p�D�B�U�J�P�O�
��
�N�V�M�U�J���D�M�B�T�T���D�M�B�T�T�J�p�D�B�U�J�P�O��

•! �#�F���D�B�S�F�G�V�M���B�C�P�V�U���U�I�F���T�J�O�H�V�M�B�S�J�U�Z�����"�E�E�J�O�H���E�B�U�B��
�E�P�F�T���O�P�U���B�M�X�B�Z�T���I�F�M�Q���J�N�Q�S�P�W�F���Q�F�S�G�P�S�N�B�O�D�F����

•! �"�O�B�M�Z�[�J�O�H���U�I�F���T�J�O�H�V�M�B�S�J�U�Z�����Q�S�F�E�J�D�U�T���U�I�F���T�J�N�V�M�B�U�F�E��
�Q�F�S�G�P�S�N�B�O�D�F���R�V�B�O�U�J�U�B�U�J�W�F�M�Z����
–! �3�F�H�S�F�T�T�J�P�O���T�F�U�U�J�O�H�����W�B�S�J�B�O�D�F���H�P�F�T���U�P���J�O�J�p�U�Z���B�U���O�� �Q����
–! �$�M�B�T�T�J�p�D�B�U�J�P�O���T�F�U�U�J�O�H�����O�P�S�N�������������������������H�P�F�T���U�P���J�O�J�p�O�J�U�Z��

�B�U���O�� �Q����
! öw ! 2



LASSO��

�5�I�J�T���Q�B�S�U���J�T���I�F�B�W�J�M�Z���C�B�T�F�E���P�O��
�l�"���6�O�J�p�F�E���'�S�B�N�F�X�P�S�L���G�P�S���)�J�H�I���%�J�N�F�O�T�J�P�O�B�M���"�O�B�M�Z�T�J�T���P�G���.��
�&�T�U�J�N�B�U�P�S�T���X�J�U�I���%�F�D�P�N�Q�P�T�B�C�M�F���3�F�H�V�M�B�S�J�[�F�S�T�z���C�Z���/�F�H�B�I�C�B�O���F�U���B�M����
�	���������
��

�"�M�T�P���*�`�E���M�J�L�F���U�P���U�I�B�O�L���N�Z���D�P�M�M�F�B�H�V�F���5�B�J�K�J���4�V�[�V�L�J���G�P�S���T�V�H�H�F�T�U�J�P�O�T����



What is Lasso?��

�4�R�V�B�S�F�E���F�S�S�P�S��
�	�T�B�N�F���B�T���3�3�
��

�-�� ���O�P�S�N��
�	�Q�S�P�N�P�U�F�T���T�Q�B�S�T�J�U�Z�
��

! w ! 1 =
p!

j =1

|wj |�-�� ���O�P�S�N����

�-�F�B�T�U���" �C�T�P�M�V�U�F���4�I�S�J�O�L�B�H�F���B�O�E���4�F�M�F�D�U�J�P�O���0�Q�F�S�B�U�P�S���	�5�J�C�T�I�J�S�B�O�J�����������
 ��

�l�)�J�T�U�P�S�J�D�B�M�M�Z�
���U�I�F���-�� ���F�T�U�J�N�B�U�J�P�O���N�F�U�I�P�E�T���H�P���C�B�D�L���U�P���(�B�M�J�M�F�P��

�	���������
���B�O�E���-�B�Q�M�B�D�F���	���������
�������z���	�3�V�E�J�O�
���0�T�I�F�S�
���'�B�U�F�N�J�����������
 ��

öw = argmin
w ! Rp

!
1

2n
! y " Xw ! 2

2 + ! n ! w ! 1

"



Why sparsity ?��

•! �*�N�B�H�J�O�F���B���D�M�B�T�T�J�p�D�B�U�J�P�O��
�Q�S�P�C�M�F�N���X�J�U�I���O���������Q���C�V�U��
�N�B�O�Z���W�B�S�J�B�C�M�F�T���B�S�F���Q�S�P�C�B�C�M�Z��
�J�S�S�F�M�F�W�B�O�U����
–!�)�P�X���E�P���X�F���T�F�M�F�D�U���S�F�M�F�W�B�O�U��

�W�B�S�J�B�C�M�F�T� ��

•! �-�� ���J�T���B���C�B�T�J�T���G�P�S���N�P�S�F��
�D�P�N�Q�M�F�Y���T�U�S�V�D�U�V�S�F�T���	�F���H���
��
�H�S�P�V�Q���M�B�T�T�P�
���M�P�X���S�B�O�L��
�N�B�U�S�J�D�F�T�
��



Example (n=1024, p=4096) ��

! "!! #!!! #"!! $!!! $"!! %!!! %"!! &!!!
�ï&

�ï$

!

$

&
'()*+

! "!! #!!! #"!! $!!! $"!! %!!! %"!! &!!!
�ï$

!

$

&
,-*./0*12

�.�P�T�U���O�P�O���[�F�S�P���D�P�F$•�D�J�F�O�U�T���B�S�F���S�F�D�P�W�F�S�F�E��

�5�S�Z���F�Y�Q�@�M�B�T�T�P���N��



What is special about L 1?��

•! �*�O�E�V�D�F�T���T�Q�B�S�T�J�U�Z���B�U��

�p�O�J�U�F���� ��
–! �C�F�D�B�V�T�F���P�G���U�I�F��

�E�J�T�D�P�O�U�J�O�V�J�U�Z���P�G���U�I�F��

�H�S�B�E�J�F�O�U���B�U���U�I�F���P�S�J�H�J�O��
•! �$�P�O�W�F�Y�J�U�Z��

–! �-�� ���O�P�S�N���J�T���U�I�F���U�J�H�I�U�F�T�U��

�D�P�O�W�F�Y���S�F�M�B�Y�B�U�J�P�O��

�ï! �ï" �ï# $ # " !
$

#

"

!

%

&

&
'(' $)$#

'(' $)*

'('
( "

⇤w⇤q
q =

! p

j =1
|wj |q

q! 0�⇥ # { wj : |wj | > 0}

�	�X�J�U�I���S�F�T�Q�F�D�U���U�P���U�I�F���-<c���O�P�S�N�
��



What is a norm? ��

•! �1�P�T�J�U�J�W�F���I�P�N�P�H�F�O�P�V�T��

•! ���5�S�J�B�O�H�M�F���J�O�F�R�V�B�M�J�U�Z��

•! �;�F�S�P���N�F�B�O�T���[�F�S�P��

⇥! x ⇥ = |! | á⇥x ⇥ (for any! � R)

! x + y ! " ! x ! + ! y !

! x ! = 0 " x = 0

|! |



Various norms ��

�&�V�D�M�J�E�J�B�O���	�-�����O�P�S�N�
��

! w ! 2 =
! " p

j=1
w2

j

�-�����O�P�S�N��

! w ! 1 =
! p

j =1
|wj |

�*�O�p�O�J�U�Z���O�P�S�N��

! w ! ! = max
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Theorem (we prove at the end) ��
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A starting point ��
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Proof ��
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A closer look ��

�$�B�O���C�F���C�P�V�O�E�F�E���B�T��

�	�F�Y�Q�M�B�J�O�F�E���M�B�U�F�S�
��

1
2n

! X ( öw " w ! ) ! 2
2 #

! "
" X " !

#
n

"
"

# + ! n
$

! öw " w ! ! 1

�$�B�O���C�F���C�P�V�O�E�F�E���B�T��

�	�F�Y�Q�M�B�J�O�F�E���M�B�U�F�S�
��

! 4
"
k#öw $ w ⇤#2! c" öw # w ! " 2

2
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A closer look ��
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The consequence ��
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Lemma: tail probability of max ��
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�#�V�J�M�E�J�O�H���C�M�P�D�L�T����
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How large can               be? ��
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�5�I�F�O��

Summary so far ��
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Two assumptions we used ��
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Proof of the right hand side ��
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Compatibility of norms ��
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Decomposability of L 1-norm ��
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Bounding the non-sparse part ��
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Bounding the non-sparse part ��

�6�T�J�O�H���U�I�F���C�F�U�U�F�S���C�P�V�O�E�
���X�F���H�F�U��

! n ! 2
!
! X ! ⇠

"
n

!
!

"

�&�O�E���P�G���Q�S�P�P�G����

! öw " w ! ! 1 # 4
$

k! öw " w ! ! 2

! w ! ! 1 " ! öw ! 1 # ! ! "! 1 " ! ! ""! 1

0 ! " X ( öw # w ! ) " 2
2



Proof of the left hand side ��
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Lack of strong convexity ��
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Restricted strong convexity ��
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Visualizing restricted strong 
convexity ( n=1 and p=2)��
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Taking sparsity  into account ��
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Theorem (shown again) ��
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Implications of the bound ��
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Phase transition! ��
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Conclusion��
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Blessing of dimensionality ��
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Gordon-Slepian (part I) ��

•! �	Yt�
t∈T�
���	Zt�
t∈T�
���K�P�J�O�U�M�Z���(�B�V�T�T�J�B�O�
���N�F�B�O��
�[�F�S�P���G�P�S���F�B�D�I��t,���B�O�E���T�B�U�J�T�p�F�T��

�5�I�F�O�
��
E max

t ! T
Yt ! E max

t ! T
Zt

! Yt " Yt ! ! 2 # ! Zt " Zt ! ! 2 for t, t ! $ T.

�<�%�B�W�J�E�T�P�O�������4�[�B�S�F�L�����������>��



GS Lemma for max singular value ��

Y(u ,v ) = u ! Xv , Z(u ,v ) = u ! g1 + v! g2

�-�F�U��

E max
! u ! 2 " 1,
! v ! 2 " 1

u # Xv ! E max
! u ! 2 " 1

u # g1 + E max
! v ! 2 " 1

v# g2

=
!

n =
!

p= Es1(X )

�5�I�F�O�
��
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Gordon-Slepian (part II) ��

•! �	Y�	s,t�
�
�T<hS,t<hT�
���	Z�	s,t�
�
�T<hS,t∈T�
���K�P�J�O�U�M�Z��
�(�B�V�T�T�J�B�O�
���N�F�B�O���[�F�S�P���G�P�S���F�B�D�I��t,���B�O�E��
�T�B�U�J�T�p�F�T��

�5�I�F�O�
��

(i) ! Y(s,t ) " Y(s0,t 0) ! 2 # ! Z(s,t ) " Z(s0,t 0) ! 2 if s $= s!

(ii) ! Y(s,t ) " Y(s,t 0) ! 2 % !Z(s,t ) " Z(s,t 0) ! 2 for somes

E max
s2S

min
t2T

Y(s,t ) ! E max
s2S

min
t2T

Z(s,t )

�<�%�B�W�J�E�T�P�O�������4�[�B�S�F�L�����������>��



GS Lemma for min singular value ��

�-�F�U��

�5�I�F�O���G�P�S���O! �Q�
��

Y(u ,v ) = u ! Xv , Z(u ,v ) = u ! g1 + v! g2

E max
! u! 2 " 1

min
! v! 2 " 1

u # Xv  E max
! u! 2 " 1

u # g1 + E min
! v! 2 " 1

v# g2

= ! Esn (X ) =
!

n = !
"

p
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